Nonexistence of quasi-harmonic spheres is necessary for long time existence and convergence of harmonic map heat flows. Let (N, h) be a complete noncompact Riemannian manifolds. Assume the universal covering of (N, h) admits a nonnegative strictly convex function with polynomial growth. Then there is no quasi-harmonic spheres u : R n → N such that This generalizes a result of the first named author and X. Zhu (Calc. Var., 2009). Our method is essentially the Moser iteration and thus very simple.
Introduction
Let (N, h) be a complete noncompact Riemannian manifolds. By the Nash embedding theorem, there exists sufficiently large K such that (N, h) is isometrically embedded in R K . We say that a map w : R n → N ֒→ R K is a quasi-harmonic sphere if it satisfies ∆u = 1 2 x · ∇u + A(u)(∇u, ∇u), (1.1) where A(·, ·) is the second fundamental form of (N, h) in R K . The Quasi-harmonic sphere arose from the study of singularities of harmonic map heat flows [4, 7] . It is closely related to the global smoothness and convergence of the harmonic map heat flow [1, 2, 3] .
In [6] , we have proved that if the universal covering of (N, h) admits a nonnegative strictly convex function with polynomial growth, then there is no quasi-harmonic spheres of finite energy, namely
The proof is based on the monotonicity inequality for u and John-Nirenberg inequality. In this note, we will use the Moser iteration to prove a stronger result. Precisely we have the following: 4 |∇u| 2 dx may be infinite. In this sense, the conclusion of Theorem 1.1 is stronger then that of [6] . When (N, h) is the standard real line R, the quasi-harmonic sphere becomes a quasi-harmonic function, which is a solution to the equation
To prove Theorem 1.1, here we will use the Moser iteration instead of using the monotonicity inequality for quasi-harmonic sphere and the John-Nirenberg inequality for BMO space in [6] . Avoiding hard work from harmonic analysis, our method looks very simple.
A special case of Theorem 1.1 is the following:
Corollary 1.2 Let u be a quasi-harmonic function. If (1.3) is satisfied, then u is a constant.
In view of Theorem 4.2 in [5] , any positive quasi-harmonic function u : R n → R with polynomial growth must be a constant. This is based on the gradient estimate. Its assumption can be interpreted by
where C(n) is a universal constant and P(r) is a polynomial with respect to r. Obviously the hypothesis (1.3) is much weaker than (1.4). Hence the conclusion of Corollary 1.2 is better than that of Theorem 4.2 in [5] .
In the remaining part of this note, we will prove Theorem 1.1.
Proof of Theorem 1.1
Let u : R n → (N, h) ֒→ R K be a quasi-harmonic sphere satisfying (1.1). Denote
It follows from (1.1) that ∆u, u r = r 2 |u r | 2 , and thus
For details of deriving (2.2), we refer the reader to [6] . Then there exists a constant C depending only on n and w(2n) such that
Proof. We can see from ( This contradicts the assumption (2.3) and thus confirms our claim. Now we estimate the growth order of the integral
In the polar coordinates in R n , we always identify (r, θ) with x. Notice that d N (r, θ) ≤ r 0 |u r |ds, one needs the following estimates, which can be obtained by using the Hölder inequality, the above claim, (2.1) and (2.4). 
where C is a constant depending only on n and w(2n). Hence we have
This concludes the lemma.
The following Lemma is elementary:
Lemma 2.2 For every function f defined on R n , if there exists k ∈ N such that
for some constants C 1 and C 2 , then we have
Proof. For sufficiently large r, it is easy to see that
for some constant C depending only on C 1 and C 2 . This immediately implies
and thus gives the desired result.
We will use the Moser iteration of the following simple version (see for example Chapter 8 in [8] ):
. Then for any p > 0, there exists a constant C depending only on Λ/λ, n and p such that
For application of Theorem A, the following observation is crucial:
Then for all r > 1 and x * ∈ B r = {x ∈ R n : |x| ≤ r}, there holds sup
Proof. Assume x ∈ B 2 r (x * ). It is easy to see that
Hence for x, y ∈ B 2 r (x * ),
Note that x * ∈ B r , we get the desired result.
Now we are ready to prove Theorem 1.1 by using Theorem A.
Proof of Theorem 1.1. Let f ∈ C 2 ( N) be a nonnegative strictly convex function with polynomial growth, u : R n → (N, h) ֒→ R K be a quasi-harmonic sphere, and u ∈ C 2 ( N) be a lift of u. Define a function φ = f • u. Let ρ(x) = e −|x| 2 /4 . Then we have by a straightforward calculation
Assume x * ∈ B r such that φ(x * ) = sup B r φ. It follows from the weak maximum principle for (2.5) that x * ∈ ∂B r . By Lemma 2.3, we can apply Theorem A to the equation (2.5) in the ball B 2 r (x * ).
This together with the hypothesis on f implies that for any p > 0 and r > 1 for some constant C depending only on the integral in (2.6). Passing to the limit r → ∞, we have |∇φ| ≡ 0, which together with (2.5) and that ∇ 2 f is positive definite implies that |∇ u| ≡ 0. Hence u is a constant map and thus u is also a constant map.
